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ABSTRACT 
We define a complete set of conformal invariants for pairs of spheres in Iw”” and obtain from these 
the expressions of the conformal curvatures of curves in (n + I)-space in terms of the Euclidean 
invariants. 
INTRODUCTION 
R. Sulanke proved in [ll] the fundamental theorem for generic curves in the 
Mobius space by using the Cartan’s method of moving frames. It follows from 
this the existence of a system of conformal invariants for curves in (n + l)- 
space: the conformal curvatures. A. Fialkow also defined in [5] a set of con- 
formal curvatures by using conformal derivations techniques. 
It is quite natural to ask for relations between these and the classical Eu- 
clidean invariants. In this sense, G. Cairns, R.W. Sharpe and L. Webb display in 
[2] an expression for the conformal torsion of a curves in 3-space in terms of its 
Euclidean curvature and torsion. The generalization of their method for n > 3, 
leads to very complicated and somehow unhandable expressions. Nevertheless 
we observed in [lo] that these procedures could be surprisingly simplified if one 
works with the centers and the radii of the osculating hyperspheres instead of 
the Euclidean curvatures. We actually obtained the expression for what we 
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called the conforma torsion (or nth conforma curvature) of a curve in (n $ I)- 
space that generalizes the one in f2). This was done by using Coxeter’s inversive 
distance between pairs of n-spheres in iWn+r. 
In the present paper, we develop a theory of conformal invariants for pairs of 
spheres (with not neccessarily the same dimensions) in (n + 1)-space. These 
play the role of the inversive distance between hyperspheres (see [3] and [l]) and 
by applying them to the families of osculating k-spheres (1 5 k < rz) of generic 
curves in (n + I)-space, we obtain II co~formally invariant l-forms along the 
curve. These in turn give us some functions (rational expressions of the radii of 
the Euclidean curvatures) which can be interpreted as the conformal arclength 
if k = 1 on the one hand (Corollary 4), and the kth conformal curvatures, 
2 < k 5 n, on the other (Corollary 5) in the sense that they also measure how 
far the curve is from lying on a k-sphere. 
We notice that the first conformal curvature cannot be described by this 
method. A geometrical interpretation of this function has been given by 
Sulanke in [ 1 l], whereas its expression in terms of the Euclidean curvatures in a 
more general setting (conformal maps between general Riemmanian spaces) 
was already displayed in [S]. It is also worth mentioning that the conformal 
arclength was already known as a function of the first Euclidean curvature (see 
[S] and 1111). In fact, it first appeared in the paper [7] of Liebmann in 1923. 
It is not evident at a11 that our functions must coincide with those formally 
defined by Sulanke or Fialkow’s methods. Nevertheless, it follows from our 
arguments that they must vanish on the same set of points (conformal vertices). 
We would like to thank R. Sulanke for helpful comments on these matters. 
He has also found a system of conformal invariants for pairs of spheres in 
(n c l)-space by using different methods ([12]). 
I. CtASSICAL PARAPHERNALIA FOR (n+ I)-SPACE CURVES 
Given a curve y : R + 5% ni ’ parametrized by arclength, with the set of vectors 
{?‘(0, r”(t), . . . , -y(“)(t)} linearly independent at all the points. Consider its 
Frenet frame {T(t), Ni (t), . , N,(t)} (see [6]) with the associated Euclidean 
curvature functions: kl (t), . . . , k,(t). 
The osculating hyperplane of y at t is the subspace generated by 
(T(f),N,(f),N!(t),...,N,_l(t)f t~dtpassesthrough~(~).Theunitvector~*(f) 
calIed the binormaf vector of y at t. The (i + I)-plane generated by 
{r(t), Ni(t),. . ,Ni(t)} shall be called theosculating (i+ l)-planeofrat tand 
its intersection with the osculating hypersphere (see [9] or [IO]) is the osculating 
i-sphere of y at t. 
It is not difficult to see that N, y(t) = y(t) + (Ni (r), : N,(t)) and that there 
is a unique osculating i-sphere s(t) at each point of the curve for which the 
vectors (r’(t), y”(f), . . . , y(‘+ I) (r)) are Iinearly independent. 
We have that the centers of all the osculating i-spheres of y form a smooth 
curve c, : R ---t R “I. This fact was proven in [lo] (Lemma 1) for the case i = n, 
where are found that 
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44 = Y(f) + 25 Pj(wj(4, 
j=l 
where pj, j= l,..., n are rational functions of the Euclidean curvatures and 
their derivatives with respect to the arclength parameter of y. It follows from 
this and the definition that the center and the radius of the osculating i-sphere 
of y at t, are respectively given by 
ci(t) = r(t) + 2 pj(t)Nj(t) and ri(t) = 
j=l 
We observe that ~1 (t) # 0 and none of these radii ever vanish. 
Remark. The values of the parameter of t of y for which the vectors 
{~(~)(t)}in_+l’ are linearly dependent give rise to the flattening points of y. At 
these, the osculating hypersphere can be seen to have contact of order at least 
y1+ 2 with y and we can consider it as the (degenerate) osculating hypersphere. 
These points are isolated for a generic curve in IWn+‘, and are also character- 
ized as being the zeros of the nth Euclidean curvature k,. 
Lemma 1. The velocity of the curve c;, 1 5 i -C n of y at a point t is generated by 
the vectors N,(t) and Ni+ 1 (t). 
Proof. The curve of i-spherical curvature centers is given by 
ci(t) = y(t) + f?I Pji(t)N.(t), 
jzl' 
and thus 
c((t) = y’(t) f 5 pl(t)Nj(t) + 2 pJt)Nj(t), 1 i i < n. 
j=l j=l 
By applying the Frenet formulas, we obtain 
cl(t) = (p{(t) - pZ(t)kZ(t)) Ni (t) + (p;(t) + Pi- i(t)ki(t)) N(t)+ 
i-l 
+ C (p;(t) +~j-l(t)kj(t) -lli+~(t)kj+l(r))Nj(t) + (ll;(t)ki+I(t))Ni+l(t) 
j=2 
and from the formulas 
P2(tP2(t) = /4(t) 
pi(t)ki(t) = pi-l(t) +pi-2(t)ki-1(t), i = 3,...,n, 
obtained in [lo] (Lemma 3), we get 
C:(t) = (~i+I(t)k;+I(t))Ni(t) + (~i(t)ki+l(t))Ni+l(t), 1 II < n. •I 
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2. CONFORMAL INVARIANTS OF PAIRS OF SPHERES IN (n -I- I)-SPACE 
We shall start by introducing some notation corresponding to Deheuvels’ set- 
ting [4] for conformal groups. 
Denote by g : Et”+ ’ x Pi”+ ’ -+ Iw the usual inner product and let F be Iw2 
with the inner product (I) given by (~16) = (~17) = 0 and (E/V) = l/2, where 
(E, q) is a selected basis of I;. 
Take now the orthogonal sum H = II%“+’ _L F, so that H is a Minkowski 
space (MSbius space) whose inner product h is given by 
h(UC + x + b?& CE + y + dq) = ; (ad -i- be) + g(x, y) 
We denote by 4 the quadratic form associated to h, that is 
C&C + x + br/) = ab + g(x, x), 
and by Q c H, the quadratic cone defined by the zeros of q (see Figure 1). 
Consider now the affine hyperplane of H given by J = E t (IIE”’ ’ gi Rq) and 
define an injective map 
j:lP+ ---+J 
x t--+ j(x) = E. -i- x - g(_u, x)n. 
Let P : H -+ P(H) be the natural projection of H into its projective space P(H) 
and put 0 = P(Q). 
The orthogonal group O(N) preserves Q, and the group PO(H) = 
O(H)/{-1, f} acts effectively on P(H) and leaves 0 invariant. 
This group is called the conformal group of KV’+l. The reason for this is that, 
as a consequence of the following proposition, we can look at Q as the one 
point compactification of Iw” + I. Then we can view PO{ H) as the group gener- 
ated by the transIations, homotheties, rotations and inversions of R”+l. 
Figure 1 
Proposition 1. With the notation above, we have that 
(a) j(aB”+‘) = Q n J. 
(b) 0 - ~(~(~~+‘~) = P(q). 
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Proof. (a) For any x E RnS-’ we have q(j(x)) = q(c +x - g(x, x)77) = -g(x, x) + 
g(x, x) = 0, whencej(R”+‘) c Q n J. 
Now,if~+y+b77EQnJ,thenq(E+y+671)=b+g(y,y)=OandthusE+ 
y + bn =j(y> Ej(Wf’). 
(b) As for the other claim, clearly P(j(R”+ ‘)) c 0 and if P(ae + y + bn) E Q 
with a # 0, then q(ae + y + by) = ab + g(y, y) = 0. Hence, 
P(ac+y+bv) =P ~+a- y yq) = P(j(y/u)). 
Therefore Q - P(j(R”+‘)) c P((lRn+’ @Rn) fl Q). But if y+ bq E Q, then 
g(y, y) = 0, so y = 0 and our claim follows. •i 
The following proposition tells us that spheres and planes in lRnt’ are in a one- 
to-one correspondence with Minkowskian linear subspaces in 2%. 
Proposition 2. 
(a) Let S be un m-sphere of radius r with center in c, that lies in the afine sub- 
space c + W, where W is an (m + l)-dimensional inear subspace of Rnfl. If the 
linear map j, : IS!“+ ’ -+ H is given byj>(x) = x - 2g(c, x)~ and d = g(c, c)! then 
j(S) is the intersection of j(R”“) with the linear subspuce 
WC,, = lR(e + c - (d2 + r2)q) +jC( W). 
(b) Let c + W be an u&%e subspace of R” f ‘, where W is an m-dimensional 
linear subspuce. Then j(c + W) is the intersection with j(R”“) of the linear sub- 
space of H, 
W -R(E+C)+ W+@, C,Cx  
Proof. (a) If w E W and g(w, w) = r2, then c + w E S. Then 
j(c + w) = 6 + c + w - (d2 + r2 + 2g(c, w))~ 
= E + c - (d2 + r2)q + j,(w) E WC,,. 
Conversely, let z = a(~ + c - (d2 -t r2)q) + y - 2g(c,y)v E W,.,, I? Q n J, then 
a = 1 for z E J. Moreover, since y E Wand z E Q we have 
q(z) = q(e + c +y - (d2 + r* + @(c,y))rl) = -r2 +g(y,y) = 0. 
thusc+yES. 
(b) If w E W, then j(c + w) = c + c + w - g(c + w, c + w)n E WC,,. Con- 
versely, if z = a(~ + c) + w + bv E WC>, nQnJthenu=lforzEJandb= 
-g(c + w, c + w) for z E Q, so that z = j(c + w). q 
Observe that q(c + c - (d2 + r2)q) = -r2 and q(jC(w)) = g(w, w), from which 
we see that WC,, is a Minkowski space and we have the following 
Corollary 1. If w1 , . . . , w, + 1 is an orthonormul basis of W, then the vectors 
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1 
cl0 = - (6 + c - (d2 + ?)q), r 
p; = wi - 2g(c, Wi)rl, i= 1 >...,m+ 1, 
form an ~-orthonormal basis of N (i.e., form an h-orthogonal basis and 
q(u0) = -1, q(u;) = 1, i = 1,. . . , m i- 1.) 
Remark. It is clear from the definition of the affine space c + W that we may 
choose c E WI. It is then easy to see that the subspace WC,, is also Min- 
kowskian, because q(q) = q(E -I- c - d’q) = 0, h(q, E + c - d2v) = l/2 and the 
subspace W is Euclidean and orthogonal to R(E + c) + [WQ. 
Conversely, we have the following result. 
Proposition 3. Any linear ‘~inko~~~sk~ subspace A of H that does not contuin the 
vector q is of the form WC,,. Uth~rwise it is o~the~orrn WC.,%. 
Proof. Suppose first that rf E A and put W = A n Rn+ ‘. We will see that if 
An(&@lPtl)= W,thenA= WCR~.Takez=u~+x+b~EA,thenac+ 
XE A~~(Rc@IW”~‘) = W,soa=OandzE W+ilQ. 
But if A = W + lwq, we have that A’ n A = Rv and A would be degenerate. 
Thus there must be some vector of the form E + c E A, with c E R”+ I and hence 
R(t + c) + W + Rr/ c A. 
But if z = UE + ‘II + brl E A, then z - a(~ + c) - brl = ‘u - UC E A. Therefore 
21 = UC + LV, with ~1 E W, so ,-=u(r+c)+w+bqand WC,,. 
If q $ A, take B = A fl (R”+’ @ [WV). Ifpl : R”+’ @ iwq ---f Fin+’ denotes the 
natural projection and we put W = p1 (B), we have that PI : B -+ W is an iso- 
morphism, for given z1 :12 E B such that pi (z, - ~2) = 0, then z1 - “2 6~ A n RQ, 
whence 21 = ~2, 
Consequently, there must be some l-form, which we denote as g(cl , .), such 
that (p, \s)-‘(~*) = w - 2g( cl, w)q, for every uj E W. Then B = jc, ( W) and after 
an easy calculation, we see that 
where W’ is the orthogonal complement in Rn+‘. 
Thus dim B L = n + 3 - dim W. Also, since A # B, for B is degenerate, we 
havedimA=dimB+l=dimW+l,thusdimB’+dimA=n+4. - 
Therefore there exists some nonvanishing vector U(F + cl) + y i- bq E A with 
y E WI. If a = 0, then y + br) E B, which is a contradiction. 
Thus, we can suppose that u = 1. And since g(cl + y, w) = g(c), w) for M, E: W, 
we have, after calfing c = cl -t-y, that A = R(t f c + bv) +jc( W). 
Finally, since A is Minkowskian, q is positive-de~nite injJ W) and this sub- 
space is orthogonal to iR(f + (* t brl), we can concIude that q(t + c -t brt) = 
b +g(c,c) < 0, and putting g(c,e) = d2 and r2 = -b - g(c, c), we have 
A = W,.,,. El 
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We can now construct a complete system of invariants of two linear Minkowski 
subspaces in a Minkowski space as follows. 
Let Mn+3 be a Minkowski space, that is, an (n + 3)-dimensional real vector 
space with an inner product h : IV”+~ x Mnf3 + R that can be diagonalized 
with (- 1, 1, . . . , 1) as diagonal values. (A basis in which h diagonalizes in such a 
manner will be called orthonormal). The quadratic form associated to h will be 
denoted by q. 
In what follows, El and E2 will be two Minkowski subspaces of A4n+3 with 
dimensions ml, m2. We shall denote by 
~1 : IW’+~ --+ E,, 7r2 : Mn+3 --) E2 
the h-orthogonal projections. They are well defined, for El and E2 are non-de- 
generate subspaces. It is clear that 7ri and “2 are self-adjoint, that is for any 
v,w E Mn+s we have h(Tiv, w) = h( v, 7riw), i = 1,2. Let (~1,. . , urn,) be an or- 
thonormal basis of El then 
~1 (x) = -h(x, U~)UI + 3 h(x, ui)ai. 
i=2 
Lemma 2. Let 7r : Mnf3 ---f E be the orthogonal projection onto a Minkowski 
subspace E. Ifx E M” i- 3 satisfies q(x) = q(r(x)) then x E E. 
Proof. Let (24,. . . , u,) be an orthonormal basis of E. Then 
444) = q(-h( X,UI)UI + 5 h(xyai)ui) = -h(x,u1)2 + 2 h(x,ai)2 
i=2 i=2 
Let (ui,... , u,+ 3) be the preceding basis extended to an orthonormal basis of 
M”+3. Clearly q(ui) = 1 for i > m. If q(x) = q(r(x)), then Ci,, h(x, ui)2 = 0. 
Therefore h(x, ui) = 0 for i > m, whence x E E. 0 
Lemma 3. rf ZI = 7rl(E2), ZZ = 7rz((El), KI = ker(nzlE,) and K2 = ker(7r1/Ez), 
then we have Zi IY Ki = {0}, 1, n Ii’ = {0}, Ki = Zi’ n E,, i = 1,2. (The choice of 
the @fixes is made to help the memory, because Ii, Ki c Ei, i = 1,2.) 
Proof. Let x1 E K,. Then we have 
h(Xl,~l(yz)) = h(Xl,Y2) = h(n2(Xi),_v2) = 0 
for every yz E E2, whence XI E Z,‘. Hence K1 c I]’ rl El. If in addition XJ E II, 
then xi E Ii n I,‘. In particular q(x1) = 0, but since 7r2(xI) = 0, we have 
q(Tz(xI)) = 0 and from the previous lemma we get that xi E E2. Then x1 = 
7r~(xr) = 0 and thus 1, fl K, = {O}. 
Now, we take xi E I,’ n El and we have 
0 = h(xi,ni(yz)) = h(X1,yz) = h(7r2(X1),~2) 
for every y2 E E2. Thus 74(x1 ) E E2 f? Ei and since E2 is non-degenerate, we 
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conclude that rr2(xl) = 0, then xl E K1 and I~ M E~ C K1. This, together with 
the inverse inclusion proved above, tells us that K} = Ii J- N &, i = 1,2. If in ad- 
dition xl E I1, then xl E I~ Cq Kl and from the above results, we have xl = 0 and 
therefore li n Ii ± = {0}. [] 
Remark. The subspaces/i must be non-degenerate b cause L n Ii I = {0}, but 
not necessarily Minkowskian. In fact, they could be positive or negative-defi- 
nite. 
Theorem 1. The maps rr1112 :12 -+ Ii and Tr21l~ : Ii --~ 12 are isomorphisms. Hence 
the automorphisms Pl = (Tq o rr2)ll~ E Aut(Ii) and P2 = (71"2 o 71"1)11_, E Aut(I2) 
have the same minimum and characteristic polynomials. 
Proof. We have dimEt = dimker(rr2[E,) + dimim(rr2lE,) = dimK1 + dimh.  
Since 11 n K1 = {0}, we get dim 11 + dim KI _< dim Ej = dim K~ + dim/2. Thus 
dim ll <_ dim I2. By the same reasoning dim/2 < dim/l ,  whence dim ll = 
dim/2. Now, if x E/2 • ker rq =/2  f) K2, then x = 0. Therefore rq I~z : 12 ~ I1 is 
an isomorphism, and the same occurs for 7r21i, : I~ --+/2. Then, Pl, p2 are iso- 
morphisms, 
-1 Pl = (rrl o rc2)tl, = (71"1 o (7r2 orrl) o (rrl)-lll, = (rrl op2o (rrl) 11, 
and the conclusion follows because p~ and p2 will have the same minimum and 
characteristic polynomials. [] 
We call these the invariants of the pair E1 and E2 under O(H). 
It is clear then that if Sl and $2 is a pair of spheres or atone subspaces in 
~,,+ l, we can get conformal invariants of that pair simply by computing the 
invariants of the pair of Minkowski subspaces W~,,r of H defined by them. 
The computations of the invariants can be made by means of the en- 
domorphisms 
7i" 1 0 7I" 2 : E1 --+ El or rr2 o 7rl : Ez -+ E2, 
because from Lemma 3 we have that El = K1 • I1 and E2 = Kz <9 12. 
Observe that though they are self-adjoint, he endomorphisms Pi may not be 
fully diagonizable because h is not positive-definite hus the Jordan form ofpi  
can have several variants. But if we limit ourselves to the invariants given by the 
coefficients of the characteristic polynomial, then we can compute a number of 
invariants equal to the smaller of the dimensions of the two spheres two laws. 
Corollary 2. Let pj, j = 1,2 be the endomorphisms a sociated to a pair of Min- 
kowski subspaces Wc.r and IYV~,~ of H, defined by a pair of  osculating i-spheres S 
and S of two nearby points of a curve 7. The trace of these endomorphisms is an 
con formal invariant of the pair of#spheres. 
Proof. We now calculate xplicitly this invariant in terms of the centers c, ~ and 
radii r, ~ of the two/-spheres S and S. 
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We consider {T,Ng,. . . ,Ni} and {p,#l,. . . , gi} the orthogonal basis of the 
affine spaces Wand I@ or Ri+‘, defined by the unit tangent and normal vectors 
of the curve y at the points t and i respectively. By using Corollary 1, we con- 
struct the orthogonal basis of the Minkowski subspaces W and I@ of H asso- 
ciated to them. The orthogonal basis of WC,, is 
Uj=Nj_2g(CJVj)~, j=l,.**,i+l, 
where Ni+ 1 denote the unit tangent vector. And the orthogonal basis of I@?,; is 
60 = ; (6 + E - (22 + F2)q), 
Gj=Nj_2g(C,Nj)~, j=l,..., i+l, 
where fii+ I denote the unit tangent vector. 
Now, we calculate the matrix of the endomorphism and find the following 
elements in its diagonal: 
quo, t4o)2 - q&l, zf*)2 - . . . - h(fio, uj+ *j2, 
--h(ti,, uo)2 +h(ii,, u,)2 + . . . + h(tl,, ui+ ,)2: 
-h(ci+ 1 j uO)2 + h(ci+ 11 U1)2 +* . + h(fii+ 1) ui+ 1)2; 
so the trace, denoted by T, is given by 
T=- c ;I: ((g(i-;$NjI)2+ (g(-~~C?~j))2)~ 
+ rt*+r2+g(F-c,E-c) if1 
2%. + C g(N~, @j)2. c3 k,j=l 
3. CONFORMAL CURVATURES 
We shall consider now the conformal invariant of two osculating i-spheres 
S(cj, Q), i = I,2 associated to a curve in IT%‘+‘, defined in the above section, to 
obtain the conformal curvatures as functions of the radii of some of the oscu- 
lating spheres and of the Euclidean curvatures. 
Given a curve y : IR’ -+ Rn+‘, a conformal map 
q : lRn+i u {co} --+ w+l u {co} 
transforms i-spheres into i-spheres in R”’ ’ U {co} and, being a diffeomor- 
phism, must also preserve the contact between y and the different i-spheres of 
lRn” U {cm} (see [SJ). Consequently it takes osculating i-spheres of y into os- 
culating i-spheres of 7 = cp o y. 
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The above conformal invariant, that we denote by Ti, applied to two oscu- 
lating i-spheres of y, must be preserved in the following sense 
T;(S-,(r + A), s?(t)) = K(V(Sy(t + h)), ~(sT(r))) = T;(S,(t + h), s,(r)), 
for h tending to 0. 
We shall now use an argument analogous to the one developed in [lo] for 
n-spheres in order to prove our main result: 
Theorem 2. Given a generic curve y : R--f Rn+‘, n > 3 parametrized hi 
arclength, the l-forms 
2 < i < n _ 1 
7 -- 
are conformal invariants, where rj(t), i - 1 5 j < i + 1 are the radii of the corre- 
sponding osculating j-sphere and k;+ 1 (t) is the (i + 1)th Euclidean curvature of 7. 
Proof. We shall prove this fact by induction: 
For i = 2, the conformal invariant of the two osculating 2-spheres of the 
curve y at the points r(r) and y(t + h), obtained in the Corollary 2 and where 
T;(S,(t + h), S?(t)) is abb reviating by T, (t + h, t), is given by 
Tz(t + h, t) = 
rz(t + h)’ + rz(t)* + (c2(t + h) - cz(t))l 
2r2(t + h)rz(t) 
‘+ 
+ k,$ 1 dNk(t), Nj(t + h)l2 
-jCl(( 
g(cz(t + h) - 4t), NjW) 
r2(t + h) 
‘+ 
g(-cz(t+h) +C2(t)rNj(t+h)) ’ 
r2(t) 0 
where c2 and r2 are respectively the center and the radius of the osculating 
2-sphere of y and N3, Nj, j = 1,2 are the unit tangent and the unit normal vec- 
tors of y, respectively. 
By expanding in Taylor series in h and by using the Frenet formulas, we ob- 
tain: 
2g(c2’(t), N2(t))*+ k3(t)2r2(t)2 - Q’(t)2 - r2’(t)2 
r2 (4’ > 
h2 + O(h’) 
And then it follows from Lemma 1, by a simple calculation, that 
2g(q’(t), N2(t))2 + k3(t)2r2(t)2 - ci(t)2 - rJ(t)2 = rl(t)2rj(t)2k3(t)2 
r2(t)* r2(t14 ’ 
where rj(t), 1 < j < 3, are the radii of the corresponding osculating j-spheres. 
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And now, by comparing the Taylor series, we find that the l-form 
is invariant under the conformal group. 
We suppose now that the above expression is true for osculating (i- l)- 
spheres, and we prove it for the osculating i-spheres, 3 < i L: n - 1. The con- 
formal invariant of two i-spheres of the curve y at nearby points can be written 
as 
i+ I 
K(f+h>t)=Z-l(t+h,t)+ Cg(Ni(t),Nj(t+h))* 
j=l 
i+t 
+ C g(Nj(f), Ni(t + h))2+ 
j=l 
j#i 
( g(ciCt + hj - ci(t),i\i,(t)j 2_ g(-ci(t + hj + Cj(t), Ni(t + h)) _ r;(t i-h) > ( 2 ri(tj 17 
where Ti _ 1 is the invariant of (i - I)-spheres applied to i-spheres with center ci 
and radius ri, and Ni+ 1, N’, j = 1, . . . , i are the unit tangent and the unit normal 
vectors of y respectively. 
By expanding in Taylor series in h, using the Frenet formulas and the induc- 
tion argument, we obtain: 
2 
Ti(t -i- h, t) = i + 1 - 2! 
2g(ci’(t), Nf._ l(t))2 + ~~(t)2ri(t)2 - Ci’(t)’ - ri’(t)2 
rj( t>2 
h2+ 
+ I _ 2 
2! ( 
2g(ci’(t), Ni(t))2 + (--ki(t)* + k+ 1 W2PiW2 
ri(Q2 ) 
p + oth3) = 
= i + 2 _ 2 .%(Ci’(t), N(f)12 + kii- l(t)2)ri(t)2 - s’(t)* - ri’(tj2 
2! ri( t)’ 
h2 + o(h3). 
Then, by applying Lemma I 
2 
Ti(t + h, t) = i + 2 - 2 
! 
ri- I (tj2ri+ I (J+j2ki+ lit)* 
riCt>4 
h2 + O(h3). 
Hence 
is the corresponding conformal invariant. Cl 
Corollary 3. Thegeneric urve y is i-spherical in !R if 2 ifand oniy ifthe 1 -form wyi 
is identically zero where 2 5 i _< n _ 1. 
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Proof. We assume that {y’(t), y”(f), . . . , y ci+ ‘j(t)} are linearly independent at 
every point, i.e. ki # 0. Hence all the radii rj, j = 1, . . . , i are positive real 
numbers. An immediate consequence is 
We know by the formulas 
P2(W2(4 = P;(t) 
~j(t)kj(t)=~Ll_,(t)+~j~z(t)kj-l(t), j=3:...,i+l 
that 
Hence, we get 
rj+I(t)k,+l(t) = 
J 
ki+I(t)‘k /$(t) + (P;(t) + Pi-iCt)ki(t))2~ 
.j= 1 
Now, if the curve is i-spherical, it lies in the i + l-plane and ki+ 1 = 0 identi- 
cally, therefore pl( t) -t pi _ 1 (t)ki( t) also vanishes identically, and hence w-,’ = 0. 
On the other hand, wyi is zero along y, if and only if ki+ I (t) = 0 and p,!(t) + 
#LLi- 1 (f)kj(l) = 0. 
But this implies that yi+, is not defined and hence the osculating i + l-sphere 
is degenerate, that is, it coincides which the osculating i + l-plane. We know 
from Lemma 1 that 
and as kit 1 (t) = 0 we get that ci’( t) = 0. Finally, by using the previous relation 
formulas between the functions {pj},f”:, and applying an induction argument, 
it is not difficult to prove 
rj,(t) = PLi(t)(P((t) +Pi- l(t)ki(t)) 
ri( t) 
And since p:(t) + pi_ ,(t)ki(t) = 0 we obtain that ri’(t) = 0. Hence, there exists 
a unique osculating i-sphere at every point, and thus, the curve is i-spher- 
ical. 0 
Theorem 3. Given a curve y : 8% ---+ R”” ’ parametrized by arclength, if we denote 
by ~~~~(r)~~ the speed of the curve described b-v the centers o~the o~c~iating circles 
and by r1 (t) its radius, the ~-for~~ 
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is a c~nfurmai invariant called the infinitesimal conformal arclength of y. 
Proof. By an analogous argument to that of Theorem 2, the conformal in- 
variant of two circles of the (n -t I)-curve at the points r(t) and r(t + h), can be 
written as 
7-1 (t + h, t) = ( rl (t I- h)* -t- q (ty f (Cl (t + h) - Cl (OY 2r1(t + h)rl(t) ) 2+ 
3- k$, dNktt), NiCt + h>)2 
-jtl ( ( g(Cl(t+ h) -Cl(r),Nj(t)) * + > ( g(-Cl(t + h) + Ct(t),Nj(t + h)) ’ 0 (f + h) 0 (4 )i- 
where cl and rr are respectively the center and the radius of the osculating circle 
of-y+ and A$, Nt are the unit tangent and the first unit normal vectors of y, re- 
spectively. 
By expanding in Taylor series in h, if n > 1, we obtain 
T1(t i- h, t) = 3 + $ (k,‘(t)’ 4 ~~~(t)~*2(t)~ h4 + U(h5), 
and for II = 1 the expression becomes 
z-,(ti-h,t) = 3 +&t)V+ O(h5). 
Hence 
z+ = 4 k{(t)’ +klZ(t)k22(t)dt, for n > 1 and vr = 
d-- 
]ki(t)Jdt, for n = 1 
are conformal invariants, but both expressions are equal to 
vr = llcqjr. [II J r:(f) 
Immediate consequences are the following: 
Corollary 4. The integral f I.+ is a conformal invariant called the conformal 
arclength of y 
Corollary 5. The functiQ~s 
q(t) = 
ri-r(t)ri+l!t)ki.itt), 2 < i < n_ 1 
r;(t)2 qpJ - - $_ rl @I 
are conformal invariant~. 
381 
Remark. We observe that the invariant K; controls the variation of the i-oscu- 
lating spheres along the curve and gives, therefore, a measure of how far the 
curve is from lying on a i-sphere of Rn+‘. It is in this sense that we call it the ith 
conformal curvature. On the other hand, the zeros of K, are generically isolated 
and are known as the conformal vertices of y (see [lo]). 
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